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Mn+2 =
An

4n+1(n + 1)!
,

where An are the numbers of up-down permutations of the numbers {0, 1, . . . , n} (see, for example,
[5]).
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Â ìîíîãðàôèÿõ [1-3] èññëåäîâàíû äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ èìïóëüñíûìè âîçäåéñòâè-
ÿìè. Çäåñü ðàññìàòðèâàåòñÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå âêëþ÷åíèå ñ âîëüòåððîâûì ïî
À.Í. Òèõîíîâó îïåðàòîðîì (ñì. [4]) è ìíîãîçíà÷íûìè èìïóëüñíûìè âîçäåéñòâèÿìè.

Ïóñòü U ∈ [a, b] � èçìåðèìîå ïî Ëåáåãó ìíîæåñòâî. Îáîçíà÷èì Ln
1 (U) ïðîñòðàíñòâî ñóììè-

ðóåìûõ ïî Ëåáåãó ôóíêöèé x : U → Rn ñ íîðìîé ‖x‖Ln(U) =
∫
U
|x(s)|ds, comp [Rn]� ìíîæåñòâî

íåïóñòûõ êîìïàêòîâ ïðîñòðàíñòâà Rn.

Ïóñòü S(Ln
1 [a, b]) � ìíîæåñòâî âñåõ îãðàíè÷åííûõ çàìêíóòûõ âûïóêëûõ ïî ïåðåêëþ÷åíèþ

(ðàçëîæèìûõ) (ñì. [5]) ïîäìíîæåñòâ ïðîñòðàíñòâà Ln
1 [a, b]; Ω[S(Ln

1 [a, b])] � ìíîæåñòâî âñåõ âû-
ïóêëûõ îãðàíè÷åííûõ çàìêíóòûõ âûïóêëûõ ïî ïåðåêëþ÷åíèþ (ðàçëîæèìûõ) ïîäìíîæåñòâ ïðî-
ñòðàíñòâà Ln

1 [a, b].
Ïóñòü tk ∈ [a, b] (a < t1 < . . . < tm < b) � êîíå÷íûé íàáîð òî÷åê. Îáîçíà÷èì ÷åðåç C̃n

[a, b] ìíî-
æåñòâî âñåõ íåïðåðûâíûõ íà êàæäîì èç èíòåðâàëîâ [a, t1], (t1, t2], . . . , (tm, b] îãðàíè÷åííûõ ôóíê-
öèé x : [a, b] → Rn, èìåþùèõ ïðåäåëû ñïðàâà â òî÷êàõ tk, k = 1, 2, . . . ,m, ñ íîðìîé ‖x‖eCn

[a,b]
=

= sup{|x(t)| : t ∈ [a, b]}, C̃1

+[a, b] � ìíîæåñòâî íåîòðèöàòåëüíûõ ôóíêöèé ïðîñòðàíñòâà C̃1
[a, b].

Åñëè τ ∈ (a, b], òî C̃n[a, τ ] � ýòî ïðîñòðàíñòâî ôóíêöèé x : [a, τ ] → Rn, ÿâëÿþùèõñÿ ñóæåíèÿ-
ìè íà îòðåçîê [a, τ ] ýëåìåíòîâ èç C̃n[a, b] ñ íîðìîé‖x‖ eCn[a,τ ]

= sup{|x(t)| : t ∈ [a, τ ]}. Ïóñòü X
� ïðîèçâîëüíîå ïðîñòðàíñòâî è U1, U ⊂ X, òîãäà hX[U1; U ]� ðàññòîÿíèå ïî Õàóñäîðôó ìåæäó
ìíîæåñòâàìè U1 è U â ïðîñòðàíñòâå X, åñëè X = Rn, òî èíäåêñ ïðîñòðàíñòâà â ðàññòîÿíèè ïî
Õàóñäîðôó ìåæäó ìíîæåñòâàìè îïóñêàåì.

Ðàññìîòðèì çàäà÷ó
ẋ ∈ Φ(x), (1)

∆(x(tk)) ∈ Ik(x(tk)), k = 1, . . . , m, (2)

x(a) = x0, (3)

ãäå îòîáðàæåíèå Φ : C̃n
[a, b] → S(Ln

1 [a, b]) íåïðåðûâíî ïî Õàóñäîðôó è óäîâëåòâîðÿåò óñëîâèþ:
äëÿ êàæäîãî îãðàíè÷åííîãî ìíîæåñòâà U ⊂ C̃n

[a, b] îáðàç Φ(U) îãðàíè÷åí ñóììèðóåìîé ôóíêöè-
åé. Îòîáðàæåíèÿ Ik : Rn → comp [Rn], k = 1, 2, ...m íåïðåðûâíû ïî Õàóñäîðôó, ∆(x(tk)) = x(tk +
+ 0)− x(tk), k = 1, 2, ...m.

Î ï ð å ä å ë å í è å 1. Ïîä ðåøåíèåì çàäà÷è (1)-(3) áóäåì ïîíèìàòü ôóíêöèþ x ∈ C̃n
[a, b],

äëÿ êîòîðîé ñóùåñòâóåò òàêîå q ∈ Φ(x), ÷òî ïðè âñåõ t ∈ [a, b] èìååò ìåñòî ïðåäñòàâëåíèå

x(t) = x0 +

t∫

a

q(s)ds +
m∑

k=1

χ(tk,b](t)∆(x(tk)), (4)

ãäå ∆(x(tk)) ∈ Ik(x(tk)), k = 1, . . . , m.

Ïðåäïîëîæèì, ÷òî îïåðàòîð Φ : C̃n
[a, b] → S(Ln

1 [a, b]) âîëüòåððîâ ïî À.Í. Òèõîíîâó.
Î ï ð å ä å ë å í è å 2. Áóäåì ãîâîðèòü, ÷òî ìíîæåñòâî ðåøåíèé çàäà÷è (1)-(3) ïî÷òè ðåàëèçóåò

ðàññòîÿíèå â ïðîñòðàíñòâå ñóììèðóåìûõ ôóíêöèé îò ëþáîé ñóììèðóåìîé ôóíêöèè äî ñâîèõ
çíà÷åíèé, åñëè äëÿ ëþáîãî v ∈ Ln

1 [a, b] è ëþáîãî ε > 0 ñóùåñòâóåò òàêîå ðåøåíèå x ∈ C̃n
[a, b]

çàäà÷è (1)-(3), ÷òî äëÿ ëþáîãî èçìåðèìîãî ìíîæåñòâà U ⊂ [a, b] âûïîëíÿåòñÿ íåðàâåíñòâî

‖q − v‖Ln
1 (U) 6 ρLn

1 (U)[v, Φ(x)] + εµ(U), (5)

ãäå ôóíêöèÿ q ∈ Φ(x) óäîâëåòâîðÿåò ðàâåíñòâó (4). Åñëè ïðè ε = 0 â (5) âûïîëíÿåòñÿ ðàâåíñòâî,
òî áóäåì ãîâîðèòü, ÷òî ìíîæåñòâî ðåøåíèé çàäà÷è (1)-(3) ðåàëèçóåò ðàññòîÿíèå â ïðîñòðàíñòâå
ñóììèðóåìûõ ôóíêöèé îò ëþáîé ñóììèðóåìîé ôóíêöèè äî ñâîèõ çíà÷åíèé.
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Î ï ð å ä å ë å í è å 3. Áóäåì ãîâîðèòü, ÷òî ìíîæåñòâî âñåõ ëîêàëüíûõ ðåøåíèé çàäà÷è (1)-(3)
àïðèîðíî îãðàíè÷åíî, åñëè íàéäåòñÿ òàêîå ÷èñëî r > 0, ÷òî äëÿ âñÿêîãî τ ∈ (a, b] íå ñóùåñòâóåò
ðåøåíèÿ y çàäà÷è (1)-(3) íà [a, τ ], äëÿ êîòîðîãî âûïîëíÿåòñÿ íåðàâåíñòâî ||y||eCn

[a,τ ]
> r.

Ò å î ð å ì à 1. Ïóñòü ìíîæåñòâî âñåõ ëîêàëüíûõ ðåøåíèé çàäà÷è (1)-(3) àïðèîðíî îãðàíè÷å-
íî. È ïóñòü îòîáðàæåíèå Φ : C̃n

[a, b] → S(Ln
1 [a, b]) íåïðåðûâíî ïî Õàóñäîðôó. Òîãäà ìíîæåñòâî

ðåøåíèé çàäà÷è (1)-(3) ïî÷òè ðåàëèçóåò ðàññòîÿíèå â ïðîñòðàíñòâå ñóììèðóåìûõ ôóíêöèé îò
ëþáîé ñóììèðóåìîé ôóíêöèè äî ñâîèõ çíà÷åíèé. Åñëè Φ : C̃n

[a, b] → Ω[S(Ln
1 [a, b])], òî ìíîæå-

ñòâî ðåøåíèé çàäà÷è (1)-(3) ðåàëèçóåò ðàññòîÿíèå â ïðîñòðàíñòâå ñóììèðóåìûõ ôóíêöèé îò
ëþáîé ñóììèðóåìîé ôóíêöèè äî ñâîèõ çíà÷åíèé.

Î ï ð å ä å ë å í è å 4. Áóäåì ãîâîðèòü, ÷òî èìïóëüñíûå âîçäåéñòâèÿ Ik : Rn → comp [Rn],
k = 1, 2, ..., m, îáëàäàþò ñâîéñòâîì A, åñëè äëÿ êàæäîãî k = 1, 2, ..., m íàéäåòñÿ íåïðåðûâíàÿ
íåóáûâàþùàÿ ôóíêöèÿ Ĩk : R1

+ → R1
+, óäîâëåòâîðÿþùàÿ ðàâåíñòâó Ĩk(0) = 0, ÷òî äëÿ ëþáûõ

x, y ∈ Rn âûïîëíÿåòñÿ îöåíêà
h[Ik(x), Ik(y)] 6 Ĩk(|x− y|). (6)

Î ï ð å ä å ë å í è å 5. Áóäåì ãîâîðèòü, ÷òî èìïóëüñíûå âîçäåéñòâèÿ Ik : Rn → comp [Rn], k =
= 1, 2, ...,m, è îòîáðàæåíèå Φ : C̃n

[a, b] → S(Ln
1 [a, b]) îáëàäàþò ñâîéñòâîì (Γu,ε,p, k = 1, 2, ..., m),

åñëè èìïóëüñíûå âîçäåéñòâèÿ Ik : Rn → comp [Rn], k = 1, 2, ..., m, îáëàäàþò ñâîéñòâîì A, è åñëè
íàéäåòñÿ èçîòîííûé íåïðåðûâíûé âîëüòåððîâ îïåðàòîð Γ : C̃1

+[a, b] → L1
+[a, b], óäîâëåòâîðÿþùèé

óñëîâèÿì Γ(0) = 0, äëÿ ëþáûõ ôóíêöèé x, y ∈ C̃n[a, b] è ëþáîãî èçìåðèìîãî ìíîæåñòâà U ⊂ [a, b]
âûïîëíÿåòñÿ íåðàâåíñòâî

hLn
1 (U)[Φ(x); Φ(y)] 6 ‖Γ(Z(x− y))‖L1

1(U); (7)

ìíîæåñòâî âñåõ ëîêàëüíûõ ðåøåíèé çàäà÷è

ẏ = u + ε + Γ(y), ∆(y(tk)) = Ĩk(y(tk)), k = 1, ...m, y(a) = p (8)

àïðèîðíî îãðàíè÷åíî. Çäåñü íåïðåðûâíîå îòîáðàæåíèå Z : C̃n
[a, b] → C̃1

+[a, b] îïðåäåëåíî ðàâåí-
ñòâîì

(Zx)(t) = |x(t)|, (9)

îòîáðàæåíèÿ Ik : Rn → comp [Rn], k = 1, 2, ..., m, óäîâëåòâîðÿþò íåðàâåíñòâó (6),
u ∈ L1

+[a, b], ÷èñëà ε, p > 0.

Ïóñòü äëÿ ôóíêöèè y ∈ C̃n
[a, b] ñóùåñòâóåò ôóíêöèÿ q̃ ∈ Ln[a, b], ÷òî äëÿ ëþáîãî t ∈ [a, b]

èìååò ìåñòî ïðåäñòàâëåíèå

y(t) = y(a) +

t∫

a

q̃(s)ds +
m∑

k=1

χ[tk,b](t)∆(y(tk)), (10)

ãäå ∆(y(tk)) ∈ Ik(y(tk)), k = 1, 2, ...,m. Ïóñòü äëÿ ôóíêöèè κ ∈ L1
+[a, b] äëÿ êàæäîãî èçìåðèìîãî

ìíîæåñòâà U ñïðàâåäëèâî ñîîòíîøåíèå

ρLn
1 (U)[q̃; Φ(y)] 6

∫

U
κ(s)ds, (11)

ãäå ôóíêöèè q̃ ∈ Ln
1 [a, b] è y ∈ C̃n[a, b] óäîâëåòâîðÿþò ðàâåíñòâó (10).

Ò å î ð å ì à 2. Ïóñòü äëÿ ôóíêöèè y ∈ C̃n[a, b] èìååò ìåñòî ïðåäñòàâëåíèå (10), à ôóíêöèÿ
κ ∈ L1

+[a, b] äëÿ êàæäîãî èçìåðèìîãî ìíîæåñòâà U ⊂ [a, b] óäîâëåòâîðÿåò íåðàâåíñòâó (11).
Äàëåå, ïóñòü èìïóëüñíûå âîçäåéñòâèÿ Ik : Rn → comp [Rn], k = 1, 2, ..., m, è îòîáðàæåíèå
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Φ : C̃n[a, b] → S(Ln
1 [a, b]) îáëàäàþò ñâîéñòâîì (Γκ,ε,p, k = 1, 2, ..., m), ãäå ε > 0, p = |x0 − y(a)|,

x0− íà÷àëüíîå óñëîâèå çàäà÷è (1)-(3). Òîãäà äëÿ ëþáîãî ðåøåíèÿ x ∈ C̃n[a, b] çàäà÷è (1)-(3),
óäîâëåòâîðÿþùåãî äëÿ ëþáîãî èçìåðèìîãî ìíîæåñòâà U ⊂ [a, b] íåðàâåíñòâó (5), â êîòîðîì
ôóíêöèÿ q ∈ Ln

1 [a, b] èç ïðåäñòàâëåíèÿ (4), à ôóíêöèÿ v = q̃ èç ñîîòíîøåíèÿ (10), ïðè ëþáîì
t ∈ [a, b] èìååò ìåñòî îöåíêà

|x(t)− y(t)| 6 ξ(κ, ε, p)(t), (12)

è ïðè ïî÷òè âñåõ t ∈ [a, b] ñïðàâåäëèâî ñîîòíîøåíèå

|q(t)− q̃(t)| 6 κ(t) + ε + (Γ(ξ(κ, ε, p)))(t), (13)

ãäå ξ(κ, ε, p)− âåðõíåå ðåøåíèå çàäà÷è (8) ïðè u = κ è p = |x0 − y(a)|.
Ò å î ð å ì à 3. Ïóñòü äëÿ ôóíêöèè y ∈ C̃n[a, b] èìååò ìåñòî ïðåäñòàâëåíèå (10), è ôóíêöèÿ

κ ∈ L1
+[a, b] äëÿ êàæäîãî èçìåðèìîãî ìíîæåñòâà U ⊂ [a, b] óäîâëåòâîðÿåò íåðàâåíñòâó (11).

Äàëåå, ïóñòü èìïóëüñíûå âîçäåéñòâèÿ Ik : Rn → comp [Rn], k = 1, 2, ..., m, è îòîáðàæåíèå
Φ : C̃n[a, b] → S(Ln

1 [a, b]) îáëàäàþò ñâîéñòâîì (Γκ,ε,p, k = 1, 2, ..., m), ãäå ε > 0, p = |x0−y(a)|, x0−
íà÷àëüíîå óñëîâèå çàäà÷è (1)-(3), è ìíîæåñòâî âñåõ ëîêàëüíûõ ðåøåíèé çàäà÷è (1)-(3) àïðèîðíî
îãðàíè÷åííî. Òîãäà ïðè ε > 0 ñóùåñòâóåò ðåøåíèå x ∈ C̃n[a, b] çàäà÷è (1)-(3), äëÿ êîòîðîãî ïðè
âñåõ t ∈ [a, b] ñïðàâåäëèâà îöåíêà (12), è ïðè ïî÷òè âñåõ t ∈ [a, b] âûïîëíÿåòñÿ ñîîòíîøåíèå
(13).

Åñëè Φ : C̃n
[a, b] → Ω(S[Ln

1 [a, b]], òî óòâåðæäåíèå ñïðàâåäëèâî è ïðè ε = 0.
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Abstract: The work is concerned with functional-di�erential inclusions with multivalued impulses. There is
considered the question of realization of the distance (in the space of summable functions) from an arbitrary
summable function to the values of a multivalued map acting on the solutions set. The e�ective estimates of
solutions to the Cauchy problem are derived.
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